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Abstract 
The solutions of problems of formation of layered flows of stratified liquid caused by the motion of the bodies of a cylindrical 
form are constructed. Developed the technique of solving of the problems of the formation of flows of viscous stratified fluid 
in the form of time series, investigated the limits of its applicability. In framework of the system of embedded models has 
been studied the structural stability of solutions. It is shown that for flows of stratified fluid taking into account only one type 
of dissipation (viscosity) does not lead to completely smoothing of the velocity field; moreover determined the areas where 
the shift of velocity is increases unbounded with time. Demonstrated similarity and emphasize the difference in the behavior 
of solutions of plane and cylindrical geometry. 
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1. Introduction 
Modeling the dynamics of natural systems require the inclusion in consideration of the large number of affect-
ing factors acting in a wide range of spatial and temporal scales. At the same time, traditional modeling is limited 
to describing only the separate components of the natural flow – waves, vortices, boundary layers [1 – 4]. How-
ever, under certain conditions, weak effects of stratification and dissipation can essentially change the structure 
of the flow. Thus, the actual problem becomes the problem of structural stability of the solutions of the hydrody-
namic problems, i.e. stability with respect to change in flow model due to such “small” effects as stratification, 
viscosity, and diffusion. It seems that the most natural to study the structural stability on the example of problem 
the flow formation, when the complication of the flow model occurs as they evolve. 
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The aim of this work is to study the process of formation of the fine structure of stratified flows on examples 
of flows caused by the longitudinal motion of the inclined plane and cylinder, and the analysis of the dynamics of 
the contribution of each of the physical effect in the overall flow pattern in process of its evolution. The specific 
features of the time series application are discussed for the construction of solutions of the cylindrical geometry, 
and the limits of applicability of the expansions are defined. Common feature of all models of this work is the 
presence of viscosity and incompressibility, so in the study of structural stability of flows as the system of em-
bedded models chosen the system in which the model of a viscous incompressible fluid consistently complicated 
by the effects of stratification and diffusion. 
2. Statement of the Problem. 
In the framework of system of embedded models: a homogeneous viscous liquid, viscous fluid and stratified 
media with diffusion are considered the problems of formation of layered flows caused by the longitudinal mo-
tion of an inclined plane and a cylinder. Fluid is assumed to be incompressible, velocity field – solenoidal. The 
equations of motion, written under the Boussinesq approximation, are closed by the equation of state in a linear 
form 0 1 z S  (where  – scale of stratification, S  – salinity perturbations) 
0t p SV V V V g  
div 0V  (1) 
1
tS S w SV  
where , ,u v wV  – velocity, p  – dynamic component of pressure, g  – gravity acceleration,  and  – 
kinematic viscosity and diffusivity coefficients, respectively. 
Initial and boundary conditions. In all considered further 1D problems it is assumed that initially the fluid is at 
rest, perturbations of salinity are absent 
0t : 0U , 0S  
At the body surface no-slip conditions are given, and velocities of flow and motion of the boundary coincide. 
It is assumed that at infinity all perturbations decay 
3. Motion of the plane. 
Solution of the pulse start the plane with constant velocity in an incompressible viscous homogeneous fluid is 
considered in many monographs, e.g. [5]. One of the ways of constructing it – the method of the integral Laplace 
transform. Taking into account symmetry of the problem (symmetry of shifts along the axis lying in the plane 
Fig. 1 ) in the approximation of incompressible fluid equations of motion, initial and boundary conditions take 
the form 
tU U  
0t : 0U , 0 : 0U U , : 0U . 
Unboundedness of plane leads to the absence of the characteristic size of the problem. Then, using the two 
dimensional parameter – the velocity of plane 0U , and coefficient of kinematic viscosity , we can pass to the 
dimensionless variables 0/U U U , 0/t t t , 0/ , where the spatial and temporal scales con-
nected by the relation 20 0t . The result is that in dimensionless variables, the problem does not contain pa-
rameters, moreover one of the dimensionless parameters can be set arbitrarily 
tU U , 0t : 0U , 0 : 1U , : 0U . 
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Using the Laplace transform for the fluid velocity can be obtained the solution in the form 
22 1
0
1 sin erfc / 2tU e d t . (2) 
a b  
 
 
Fig. 1. Geometry of the problem. longitudinal 
motion of the plane (a) and the cylinder (b) 
The solution (2) presented in many classic monograph on hydrodynamics, it rapidly decreases on the viscous 
length scale 2 t , which in time increases indefinitely. In this case, after an infinite time the entire vol-
ume of liquid is involved in the movement at velocity equal to the velocity of movement of the boundary 0U . 
4. The longitudinal motion of the cylinder. 
Problem of flow formation, caused by the motion of bodies of finite size, are considered in this work on the 
example of a circular cylinder. Investigate the flow arising under longitudinal motion of the cylinder. Axis  is 
directed along generatrix of the cylinder of radius R . At time 0t  the cylinder starts to move with constant 
velocity 0 0UU e  (Fig. 1b). Because of the symmetry of the problem the flow is 1D with a single non-zero – 
longitudinal velocity component ( , )U U r t . Incompressibility condition is satisfied identically. After dimen-
sionless, Navier – Stokes equations, initial and boundary conditions take the form 
1
t rrU U U , 0t : 0U ; 1r : 1U , r : 0U  (3) 
Using the Laplace transform reduces the equation (3) to an ordinary differential equation whose solution is of 
the form 
0
0
( )1
( )
K qru
q K q
 (4) 
where q  – parameter of Laplace transform. 
Inverting Laplace image with using the methods of CFT we obtain an expression for the velocity of flow in 
the form of a quadrature 
2
2 1
00
1 tU e F d  (5) 
where 2 20 0 0 0 0 0 0( ) ( ) ( ) ( ) ( ) ( )F J Y r Y J r J Y , 0J  and 0Y  – Bessel and Neumann func-
tions. 
The expression (5) is very similar to the expression for the flow velocity caused by the longitudinal motion of 
the plane (2). The first terms of these expressions are the solutions of the corresponding stationary problems. In 
the integrand in both cases there is a general term 2exp( ) /t  responsible for the viscous damping. Differ-
ence of geometries (planar and cylindrical) is contained in the second factors of integrals appearing in solutions 
( sin , in the case of plane motion, and 0F  in the case of longitudinal motion of the cylinder). Consider them 
in details. 
 
x
g
0U
y y
x
g
0U
R
r
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Using functions of the amplitude and phase of the Bessel functions 
2 2 2
0 0 0A J Y , 0 0 0arctg /J Y  
allows explicitly reveal the similarity of expressions (2) and (5) 
0
0
22 1
0 0 00
, exp sinA rAI r t r d  
Separately, it is necessary to consider the behavior of the integrand at zero because the asymptotics of the 
Macdonald function of zero index for small values of the argument contains a natural logarithm. Therefore, the 
range of integration should be split into three parts 
0
A
A
I  (6) 
In the numerical integration, contribution of the last part can be neglected. But it should be evaluate the error 
of calculations, arising from such actions. Using the asymptotic expression for the function 0F , for large values 
of the variable of integration , for the third term of the integral (6) obtain 
22 1, exp sin 1
r A
I r t t r d  (7) 
1 2 3 4 5
0
2
4
6
8
r
t
 n = 3
 n = 5
 n = 6
 n = 9
 n = 10
 
 
 
 
Fig. 2. The evolution of borders of applicability of expansions 
(9) r t  for the flow caused by the longitudinal motion of a 
circular cylinder for different values of the upper limit of 
summation (the difference between the exact and approximate 
solution does not exceed 10%). 
The evaluation of this integral can be done in two ways: 
Evaluation I (large time). Let 1r  and 0 1r A , then 
2
2
0
2 1
1
, exp sint
r r
I r t d  
Since sin 1x , then to estimate the integral (7) above, we set sin 1 . After that, making the change 
/ ( 1)t r  and denoting 0 A t  we obtain 
22 1 exp
r A t
I d  or 
2
21 1 1
1expzr rA tI z dz E a t , 
where 2z , 1E z  – exponential integral [6]. 
Using the asymptotics for 1 1 expnn z zE z z , for the last part of the integral (6) finally obtain 
2
12 21 1 1 exp
r A t
I A t A t  
Evaluation II (small time 2exp 1t ). 
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2 1 2 1 2
21
sin 1 sin Si 1
r r rA r A
I r d d r A , 
where 1
0
Si sin
z
tz t dt , Si / 2  – integral sine [6]. Then, at small times we obtain covering 
evaluation 
1 21 Si 1 .
r
I r A  
Let us estimate the value of the first terms in the integral (6). Expanding the integrand in a Taylor series up to 
first order of smallness we have 
2 122 22 1 2 1 2
0 20 0
ln 1 lntI e F d r d  
where 0.5772156649  – Euler's constant. 
The last integral can be found exactly 
222 2
2 4ln arctg ln 2I r  (8) 
Analysis of the expression (8) shows that the component I  uniformly turns to zero with , so the expression 
(5) is asymptotically close to the solution the original problem. 
Calculations show that for the admissible error of about 10%, the lower limit of integration is enough to take 
the value of 0.001, and the top – A m t , where 10m . The contribution of the remaining parts of 
the expression (6) can be neglected. 
The conducted estimates allows to analyze the properties of obtained solution and to determine the distances 
and times where applicable decomposition of the solutions in the form of time series. Solution in the form of time 
series can be obtained by using the asymptotic expansion of the Macdonald function at large values of the argu-
ment, then we have 
/21 1
1
erfc 4 i erfcn nnr r
n
U b t  (9) 
0 0,b  
1
1 11 ,b r c  
1
1
1 ,
n
n
n n n m m
m
b r c b c  where 0 1,c  
21
!8
1
2 1n
n
n n
k
c k . 
In the case of the longitudinal motion of the cylinder solution of the problem in the form of series, coincides 
with the exact solution (5) at short times, when 1t . However, if 1t , the solutions are no longer the same 
again and the error increases with time. Limits of applicability of solutions (9), are shown in Fig. 2. 
5. Construction of solutions without the use of Laplace transforms. 
As shown above, the solution can be represented as an expansion in the time series (series of powers t ). For 
their construction were applied Laplace transforms whose use in 2D or 3D problems (including linear) leads to 
serious difficulties. Therefore, it is useful to develop a technique for constructing such solutions without using of 
Laplace transforms. 
Consider the problem (3). We introduce an additional self-similar variable, with the origin on the boundary of 
body – 1 / 2r t . The number of independent variables of the problem will also increase 
, , ,r t r t , but in the new set will be explicitly separated spatial variable r , time variable t  and bound-
ary layer variable . The solution of the original problem will be sought in the form of series 
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an
n nU t h r H  (10) 
where nH  – set of functions taking into account an exponential decay at infinity. 
Taking into account that repeated integrals of error functions satisfy the equation 22 2 0n n ny y ny  
[6], functions nH  is convenient to choose the form 
( ) i erfcnH z z  
This choice of the functions nH  will be responsible for the exponential decay of perturbations at infinity, 
which can automatically satisfy the initial condition and the boundary condition at infinity. Then, from the repre-
sentation (10) and the expression for 0h  follows that nh  must satisfy the following boundary conditions 
0 1
1,
r
h  
1
0,n rh  1,2,...n  
The substitution of the representation (10) in equation (3) gives the recurrence relation for functions nh r  
1 1
0 0 0 0,02 0r rh h h h , 0,0 consth  and 1 12 2 2n n n nr h h r h h . (11) 
Analysis of recurrence equations (11) shows that its solutions are polynomials of half-integer powers /2mr , 
where the index m  takes odd values, and each subsequent function nh  must contain one term more than the 
previous one. Then we have 
1
,
0
n
k
n n kr
k
h h r  
Where constants ,n kh  are defined from recurrence relations 
0,0 1,h  1, 1, 141 ,n k n kkh k h  1, ;k n  ,0 ,
1
n
n n k
k
h h  (12) 
The last of the relations (12) follows from the boundary conditions on the body. Finally solution of the prob-
lem (3) written in the form 
21
,
0 0
i erfc
n
n n k
n kr
n k
U t h r  (13) 
The expansion (13) has the form of time series which entirely coincides with the expansion obtained using 
Laplace transforms. 
6. Stratified fluid flows caused by the longitudinal motion of an inclined cylinder. Comparison with  
the plane. 
Problem of forming the flow caused by the longitudinal motion of an inclined cylinder is similar to all the 
above problems. Model of fluid expands due to the effects of stratification. Cylinder of radius R  with the 
generatrix parallel to the -axis starts at the time 0t  the motion along a generatrix with a constant velocity. 
Stratified fluid without diffusion. Cylinder. Using the symmetry properties one can show that in the Boussi-
nesq approximation in the coordinate system associated with inclined cylinder (Fig. 1b), the velocity components 
0rU  and 0U , and the rest of the hydrodynamic functions of the variables  and  do not depend. 
The result is that the problem is 1D with the velocity field of the form: ( , )U r tV e . 
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Stratified fluid equation ((1) is written in dimensionless form, in this problem will take the form 
21
t rr rrU U U c S , tS U , 0t : 0U S , 1r  ( 0)t : 1U , r : , 0U S (14) 
where as dimensionless parameters are taken 20 /t R , 
2
0 0 sin /S U R , 
2 sin /c R N  
( /N g  – buoyancy frequency) 
The solution of the problem (14) in the Laplace images has the form similar to the solution of the problem of 
formation of a homogeneous fluid flow (4) 
0
0
1 K qru
q K q
, where 2 1q q c q  
Inverting Laplace image [7], we obtain an expression for the velocity in the form of a double integral 
2
0 00 0
2 ( ) ( , )
t
uU J c u t u e F r d du  (15) 
The numerical integration of (15) is connected with a number of mathematical difficulties, therefore, further 
properties of the solution of the problem (14) analyzed by means time series. 
We seek a solution in the form of expansions 
2
0
n
n n
n
U t h r f , 
2
2
0
n
n n
n
S t r  
Substituting the expansions into the equations and collecting coefficients of equal powers t , and using the 
definition and recurrence relations of repeated integrals of error function, obtain n nf y , 2n ny , where 
i erfcnny . Then the second equation of system gives 4n nh , and the first equation takes the form 
21
2 2 221 1
1 22
0 0
4
nn n
n n n n n n n nr r
n n
y t h h t y h h c t y h  
Passing in the last relation to the summation over the same powers of t , obtain the recurrence differential 
equation for n  ( /n nh r ) 
2
21
1 1 34
4n n n nr c  (16) 
with boundary conditions 
0 1 1 , 1 0n  (17) 
Consistent solution of recurrence equations for the initial values of n  allows to determine general form of the 
functions n  and to reduce the differential recurrence equations to numerical 
,
/3
n
k
n n k
k n
r  (18) 
where [ ]n  denotes the operation of taking the integer part of n , and the initial values of the coefficients of the 
functions (18) are equal 
1
00 1 , 
1 1
10 4 , 
1 1
11 4 , 
1 7
20 32 , 
1 2
21 32 , 
1 9
22 32 , 
2
00 0 , 
2
10 0 , 
2
20 0  
The solution of the recurrence equations (16) for 3n : Using in equations (16) substitution 3n n m  
( 0, 1, 2m ) and collecting coefficients of non-negative powers of r , come to recurrence relations for nk , 
which are closed by relation follows from the boundary condition (17) 
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3
3 ,0 3 ,
, 0
n m
n m n m k
k n n
 
As a result, all of the coefficients ,n k  by the recurrence relations are related to the initial coefficients of the 
series. Finally the solution of the problem (14) is written as 
2
0
i erfc
n n
n
n
U t h r , 
2
2 2
0
i erfc
n n
n
n
S t r , 4n nh , 1 ,
/3
n
k
n n kr
k n
h r  (19) 
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Fig. 3. Temporal evolution of the flow velocity of stratified fluid, 
depending on the distance from the body. The curves are calcu-
lated according to the quadrature (20) for the inclination angle 
90  and buoyancy frequency 0,99N  rad/s. 
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Fig. 4. Temporal evolution of the flow velocity of stratified fluid at 
small distances from the body. The curves are calculated accord-
ing to the quadrature (20) for the inclination angle 90  and 
buoyancy frequency 0,99N  rad/s:  
a) – according to the quadrature (20); b, c) – according to the 
representation in the form of time series (19) and (22). 
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c 
In general, it can be noted that the solution of problem of forming flow caused by the motion of an inclined 
cylinder differs from solutions of the analogous problem for the plane only the additional spatial attenuation. So 
further analyzed in detail flows, resulting from movement of the plane, with a separate marked features, intro-
36   V.G. Baydulov and A.A. Trofi mov /  Procedia IUTAM  8 ( 2013 )  28 – 38 
duced by the difference in the geometry of the flow. 
7.  Stratified fluid without diffusion. Plane. 
The exact solution problem of motion of a plane in a stratified fluid is given in the works [8, 9]. In dimen-
sionless variables, solution of the problem of flow formation has form 
2
0 30
2 ( ) exp / 4
2
t
U J c t d  (20) 
The latter formula is convenient to rewrite by integrating the expression (20) once by parts 
10
2erfc 2 ( ) erfc
t tU z c J c t d
t
, here / 2z t , / 2  (21) 
that can explicitly identify term responsible for the viscous involvement of homogeneous fluid in motion (the 
first term). 
0.0 0.4 0.8 1.2
-0.04
-0.02
0.00
0.02
0.04
U
t
  = 0.5 
  = 1.0
  = 1.5
Plane
 
a  
 
 
 
 
Fig. 5. Temporal evolution of the flow velocity of stratified fluid at 
large distances from the body. The curves are calculated accord-
ing to the quadrature (20) for the inclination angle 90  and 
buoyancy frequency 0,99N  rad/s:  
a) – according to the quadrature (20); b, c) – according to the 
representation in the form of time series (19) and (22). 
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c 
In contrast to the expression (2) for the velocity in the homogeneous liquid formula (21) combines various 
physical factors. The error function that is responsible for the viscous involvement of fluid (the third factor in the 
integral (21)), is complemented by the Bessel function, which reflects the elastic properties of the stratified me-
dium. 
By continuity, different from zero at the boundary of velocity will be due to viscous involvement lead to the 
movement of fluid in a neighborhood of the body, which, in turn, will generate time-dependent perturbation of 
salinity. As the distance from the boundary and reducing of the forces of viscous involvement are dominant 
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buoyancy force due to perturbations in salinity, which has an inverse effect on the evolution of the speed, leads to 
the appearance of countercurrents at some distance from the plane. Arisen velocity shear acts towards reduction 
buoyancy forces, but salinity perturbations on inertia change to the opposite sign, changing the sign of buoyancy 
forces. It should also be consider character of field of flow pattern. 
2 4
,
1 1
erfc 1 4 i erfc
n
n n m n m
m n
n m
U ct P , here / 2 t  (22) 
0,0 1,P  1, 2 !nn n nP  ,1 ,2 ,n nP P  
, , 1 1, 12( ) ( 1)( ) ,n n m n n m n n mn m P n m n m P P  1, 2,m n  3,4...n  
In the expression for the velocity (22), as previously in (21), split contributions of purely viscous involving of 
fluid (the first term in the curly brackets) and the response to perturbation of a stratified medium. 
Analysis of the solution of the problem constructed within the model taking into account the effects of diffu-
sion shows that in the limit t , the spatial structure of the stationary solutions determines the combina-
tional length-scale 
1/42 24 / sincl N , equal to the geometric mean of the viscous and diffusive length 
scales . The scales of this type are characteristic of many kinds of stationary stratified fluid flows [9 – 11]. 
Because of the great similarity between the stationary solutions for the plane and the cylinder in a stratified 
fluid with diffusion one can assume that the solutions of flow formation problems will also be close, and the solu-
tion of the flow generated by the motion of the cylinder, written in the form of time series, should be comparable 
with the exact solution for a plane written in the form of quadrature in stratified medium without diffusion. Such 
a hypothesis makes it possible to determine the limits of applicability of the proposed expansion and number of 
terms needed to get the solutions close to the exact solutions for specific distances and times (Fig. 4 (b, c) and 5 
(b, c)). 
8. Conclusion.  
In the framework of the system of embedded models (homogeneous and stratified viscous fluid) studied the 
flow caused by the movement of the plane and the longitudinal motion of a circular cylinder. Transformation 
properties of the solutions investigated in gradual transition from the model of a homogeneous fluid stratified in 
the absence of diffusion. The structural stability of flows with respect to the small parameter of stratification has 
been studied. Analyzed uniformity double limit transitions r , t . It is important to note that, 
despite the low value of the parameters responsible for the effects of stratification and viscosity, their influence 
on the flow essentially depends on the position of the observation point and the time elapsed since the start of the 
movement. At large times t  they have a significant influence on flow pattern. 
Developed a method for solving the problems of formation of flows near a circular cylinder submerged in a 
viscous stratified fluid. Identified the limits of its applicability. 
Applied to the model under consideration investigated constructed using the Laplace transform, the exact solu-
tions of the initial-boundary value problem in the form of quadrature and asymptotic solutions in the form of time 
series. Find the number of terms in the series, which gives the best agreement with the exact solution and shows 
the distance and the time at which this asymptotic technique is applicable. Conducted comparison of solutions of 
model problems between themselves: the plane – the longitudinal moving cylinder. 
Demonstrated similarity and emphasize the difference in the behavior of solutions of planar and cylindrical 
geometry. It is shown that accounting dissipation of only one type (viscosity) does not lead to a smoothing of the 
velocity field moreover there exist regions where with time the shifts of velocity are increased unbounded. 
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